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Abstract 

We consider massive IIA supergravity on the resolved conifold with SU{2)\ x U {1)r 
symmetry and J\f = 1 supersymmetry. A one dimensional family of such regular solu- 
tions was found by Brandhuber and we propose this to be the mirror to one dimension 
of the moduli space of IIB solutions on the deformed conifold found by Butti et al. The 
remaining dimension of the moduli space of Butti et al contains the baryonic branch of 
Klebanov-Strassler and we propose that the mirror of this is either some stringy reso- 
lution of a family of singular solutions found here or must be entirely non-geometric. 

1 Introduction 

String theory on conifold singularities has proved to be a immensely rich area of study for 
a number of years. The resolution of the singularity provided early insights into the physics 
of D-branes and with the advent of AdS / CFT the explicit Ricci flat metrics found in \^ 
proved to be vital in constructing physically interesting examples of gauge/gravity duality 
[31, m E]. Studies of the topological string on the conifold have shed Ught on geometric 
transitions [HI [7] which were conjectured to be embedded in the full superstring [H]. The 
conifold has also provided a canonical calculable example of hypermultiplet couplings in four 
dimensions |9l [10] . In this work we will continue this fine tradition of using the conifold as a 
guiding example for studying certain geometric aspects of string theory. 

The solution of Klebanov and Strassler |3] is the prototypical example of a warped Calabi- 
Yau solution to IIB supergravity [HI |T2]. The metric on the internal manifold is conformal 
to the Ricci- fiat metric on the deformed conifold [2], the dilaton is constant and the three 
form flux is imaginary self-dual. These are particularly interesting flux backgrounds in string 
theory since due to Yau's theorem and the work ^1^, one has an existence proof for the 
supersymmetry equations. 

A very interesting aspect of the Klebanov-Strassler solution is that it belongs to a non- 
trivial, two-parameter family of solutions [TU [15]. One of these parameters corresponds 
to the supergravity dual of a baryonic vev and on this branch the metric on the internal 
manifold is no longer Ricci -flat. The solution along this branch is usually described as an 
S'C/(3)-structure solution, a condition slightly weaker than SU (3)-holonomy, which allows for 
a much more general class of flux. It is not understood whether warped Calabi-Yau back- 
grounds in general can have unobstructed modes which preserve only the S'f/(3)-structure 
conditions but due to the solution [15] we know that at least two such modes exist when the 
Calabi-Yau manifold is the deformed conifold with the metric of [2j. 

It was observed in [16] that one dimension of the space of solutions found in [15] is 
particularly simple, on this branch only the metric, dilaton and three-form flux {g, ip, F^) are 



activated, whereas in general along the whole solutions space all fields except the axion have 
nontrivial profiles. I will refer to this branch as the "NS-branch" since it is S-dual to an NS 
solution of the type first studied in [171 IE]- Recently it was shown [19] that the full two 
dimensional space of solutions can be generated by duality from this simpler branch. It was 
also pointed out in [12] that this branch provides a precise JIB string theory realization of 
the conifold transition proposed in p|. 

The point of the current work is to examine the mirror IIA version of the exposition in 
[T9] . The geometric transition in IIA on the conifold was first considered in [201 EI] as an 

—7- fiop when lifted to M-theory, however this picture is somewhat at odds with the 
IIB picture presented in [19] . We show here that in fact there exists a family of supergravity 
solutions, originally found by Brandhuber [2^ which we conjecture provides an exact IIA 
picture mirror to that of [19\ . 

The main calculation in the current work is an attempt to generalize the one parameter 
family of solutions found by Brandhuber to a two parameter family which would be a putative 
mirror to the entire solution space found in |15j. What we will find here is that the most 
general ansatz in type IIA supergravity, including a mass term [Fq ^ 0), which respects 
the same set of symmetries as its IIB counter part, does not admit regular solutions other 
than those found in [22]. We do find however a one parameter family of solutions which are 
all singular at the origin. It would be interesting if these could be thought of as similar in 
nature to the singular solution of [23] where the singularity is in fact resolved in the IR. In 
the solutions found in this work, it would have to be stringy effects which come to the rescue 
in the IR since we exhaust all possible supergravity solutions with the same symmetries. 

Mirror symmetry is a symmetry of string theory with M = (2,2) worldsheet supersym- 
metry and many aspects of it are well understood for Calabi-Yau manifolds without fiux. 
Evidence in support of the (2, 2) worldsheet supersymmetry prevailing with the addition of 
fiux was provided in the nice work [24] . In this work it was shown using the hybrid formalism 
[25j that to first order in an expansion in fiux, around a Calabi-Yau background, a particular 
worldsheet M = (2, 2) symmetry is in fact unbroken. Using this worldsheet symmetry they 
were able to derive the linearization of the target space supersymmetry conditions with fiux. 
The key point to this work is that since a warp factor is generated by the fiux, the worldsheet 
CFT can no longer be split into two decoupled CFT's for the internal and external space. 
The surviving (2, 2) generators are a combination of currents from the internal CFT and the 
external CFT. However since there is still some version of (2, 2) worldsheet supersymmetry, 
there should also be some version of mirror symmetry available. 

Mirror symmetry for backgrounds with fiux has been studied from the point of view 
of four dimensional effective actions [26] |27] but there is still a distinct lack of calculable 
on-shell examples where some of these ideas can be checked. The SYZ [28j approach is well 
motivated from the target space physics and it seems promising that this can be generalized to 
fiux backgrounds [29l [30] but this is difficult to check even in Calabi-Yau examples. Attempts 
have been made [31] to explicitly perform the T-dualities in a fashion inspired by [28] but this 
seems to break the non-Abelian global symmetries of the problem. Essentially, T-dualizing 
singular U{1) fibrations is hard. 

One generic feature of T-duality in the presence of fiux appears to be the generation of 
so-called non-geometric backgrounds [32], [331 El] • These poorly understood backgrounds may 
well be necessary to provide the correct description of the mirror to the full solution space 
of [15] and it is with that in mind that we have given this paper its title. 

This paper is organized as follows: In section 2, we review the solution of [15j and the 
insight of [12]. In section 3, we discuss the mirror IIA version and the solutions of [22] • 
In section 4, we summarize our attempts to generalize the solutions of [22] to allow for a 
non-trivial four form fiux G^^\ In the conclusions we discuss our perspective on how mirror 
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symmetry may be restored by incorporating non-geometric backgrounds. In the appendix 
provide all the details of our computations in ci = 11 supergravity as well as massive IIA 
supergravity. 



2 The Deformed Conifold in Type IIB Supergravity 

The two parameter family of solutions to IIB supergravity on the deformed conifold [15] 
which we are interested in all have M units of Page charge 

QdT = Aj f F, = M. (1) 
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It was emphasized recently [151 [IH] that a particular one dimensional subspace of these 
solutions is quite simple. This family has non-trivial profiles for only metric, dilaton and 
RR three-form {g,ip,F^) as opposed to the more general solution of [T5] which has all fields 
activated except for the axion. This simplified solution has the following form 

^hoi = 

= e-^"^" cosh r{dT + ^(as + S3)) A 

( \ ((Ti A (72 - Si A S2) - tanh r(-(Ti A Si + aa A S2) + i(-Si A (T2 + (Xi A Sa)) 
V cosh r / 

J = — cTi A (T2(cothr(l — r cothr) + c) — Si A E2(cothr(l — r cothr) — c) 

/ ^ N 1 — T coth r , , 

+ ((Ti A S2 + Si A a2 — 2) 

smh r 

/l/2c' 

a'M 
Fs — ^ U3 

T 

^3 = (0"3 + S3)((Ti A (72 - Si A S2) + (-Si A Cr2 + CTi A S2' 

smh r 

T coth r — 1 , ^ ^ , 

-dr A — r -ai A Si + (T2 A S2 

smh T 

The functions (c(r),/(r)) satisfy 



/' = 4c sinh^ r 



c' = J ^c^ sinh^ r — (r cosh - 
The two explicitly known solutions to (|3| are 



sinh 



T 



(3) 



_„ = 37^(coshr sinhr — r)/2 

f = ^-1/6^4 (4) 



(in the limit 7 — i- 00) and 



CV/MN: % . 1 2 . , . , N2 (5) 

/ = r smh r — (r cosh r — smh r J 



but it was shown numerically in [15] that there is a one parameter family of regular solutions 
which interpolates between these two points. 
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The solution ^ gives the Ricci flat metric on the deformed conifold with a strictly infinite 
size S^. This solution still has M- units of D5 charge and one can think of the infinite size 
5^ as necessary to dilute the flux and allow for a Ricci fiat metric. The solution ^ gives 
the solution of [35l [36] and has a finite size S^. One should define the parameter which 
interpolates between these two solutions as the size of the in string units 



U 



9s 



(6) 



f/ = is the CV/MN solution and f/ — cxd is the solution with the Ricci fiat metric on the 
deformed conifold. This the bottom line in figure 1. 

One thing to note from ^ is that the holomorphic three form (suitably rescaled by the 
warp factor) is invariant along this family [19] . This is consistent with the fact that this family 
is a realization in IIB string theory of Vafa's geometric transition [8] and only depends on the 
"Kahler" moduli, not the complex structure moduli. The quotation marks are necessary here 
because the IIB background is not Kahler away from U = oo. In string frame, the equations 
for a system of just {g,ip,F^) is given by [TTl UHl 137] 



d{J A J) 
2A 



*e 

0, 
(p. 





AA rp 



(7) 
(8) 
(9) 
(10) 



We see that ([t]) is solved somewhat trivially along the whole family since e^Q is invariant. 
It is also interesting that the flux is invariant along this family but the deeper reason for 
this is not clear. 



PZ-T 



K-S 





C-V/M-N 



U 



oo 







oo 



DC 



Figure 1: The parameter space of the deformed conifold in IIB. 



As emphasized in [19] there is another parameter in this moduli space of solutions. The 



full solution space is given by 



dsltr = h ^l'^ds\ + — 7— ^c^s^g (11 



cosh /3 

/i = 1 + cosh /3(e2(^-'^°°^ - 1) (12) 
F3 = —uj^ (13) 

H3 = -tanh/3 ^ e-^^^-^-) *6 ^3 (14) 

F5 = -tanh /3e-'^°°(l + *io)vol4 Arf(/i"^). (15) 

Figure 1. represents the full moduli space of {11,(3). 

The U — )■ 00, /3 — )• 00 limit is the solution of Klebanov and Strassler (KS) and the dashed 
line in figure 1. represents a one-parameter interpolation between the KS background and the 
CV/MN background which In [15] was proposed to be the supergravity dual to the baryonic 
branch of the Klebanov-Strassler background [13] . However as was empahasized in [381 US] 
the top line of this diagram, namely with /3 — ?■ 00 and U = [0, 00] has the asymptotic behavior 
consistent with the baryonic branch. As was described in some detail in [TH], the solution 
at the top left corner in figure 1, with f/ = 0, /3 = cxd is a little hard to describe in closed 
form but it has a certain region in which it approximates the solution of Pando-Zayas and 
Tseythn [39]. 

It is interesting to note that the operator which deforms the KS solution along the vertical 
/3 direction is a dimension eight operator which is SU{2)'^ x f/(l) x Z2 invariant. From the 
table of modes collated in [lU] we see that there is only one such operator. Indeed, using the 
dimensions of operators from the conformal point [3] we see that this operator must be TrF"^. 
This operator is clearly irrelevant and changes the UV definition of the gauge theory, thus 
changes the asymptotic behaviour of the warp factor. Interestingly, the vev for this operator 
is related to the addition of anti-D3 branes into the KS background. 



3 The Resolved Conifold in Type IIA Supergravity 

We now turn to the mirror picture of the previous section, namely the resolved conifold in 
IIA. There exists a family of solutions of IIA supergravity on the resolved conifold found by 
Brandhuber [22] which we propose is the mirror to the /3 = limit of the solutions in the 
previous section. In fact these solutions were found in M-theory, where the computations are 
simplified significantly as we now review. 

In M-theory on a seven-manifold with G^^^ = 0, there are just two nontrivial spinor 
bilinears one can construct, a three form and a four form [H] 

^abc = iO'^JabcO, 
i*^)abcd = 

and the conditions for Af = 1 supersymmetry in four dimensions are simply 

rf$ = 0, rf*$ = 0. (16) 

These conditions imply that there exists a connection of G2 holonomy. The simplicity of 
working in M-theory with C^^^ = is that one need just make an ansatz for the three form 
$, since the metric and thus the four form *$ can be constructed from $ using 

Qij ~ (detSjj) Sij, 

^ ^ mi...m7 1234567 ^-1 
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When searching for supergravity solutions, common sense tends to indicate that one 
should (at least initially) restrict attention to cohomogeneity one solutions since this will 
result in a system of O.D.E.'s not P.D.E.'s. In the case of a seven manifold, we will impose 
the continuous symmetry group 

SU{2)l,i X SU{2)l,2 X f/(l)«,z) (17) 

where SU{2)l^i and SU{2)l^2 are parameterized by left invariant one forms cTj and and 
f^(l)i?,D C SU(2)ii i X SU(2)ji 2 is diagonally embedded. The most general invariant three 
form is then 



$ = pcTi A (72 A + g Si A S2 A S3 

+a(r) ((Ti A Si + (T2 A S2) + h{r)a^ A S3 (18) 

which depends on merely 2 functions, one of which can be fixed by redefining the radial co- 
ordinate! The solution we will focus on breaks the Z2 symmetry which exchanges S'f — )■ 5*1, 
it has (p, q) = Tq(1, 0). One then finds that d * ^ = implies a single second order O.D.E. 

= Aa'b'(^ab{b + r2)a' + {b^ - a^r^^ + 2&))fe') + b{b^ - 4a\rl + b)){a'b" - a"b'). (19) 

The whole family of solutions of [22] , when reduced to type IIA using the standard formula 



dsl^ = e-^^^'^dsl^ + e^^/3(c/V^ + Ci), (20) 



is given bj|^ 



(isiQ — e '^'^^'^ds\+ ^ds\i^, 



iV(ai A ^2 + Si A S2) + ^( g^?^°^2 (^3 + S3)) , (21) 



r^(r^ + Qrl) / (r^ + Qr^) 



72a' y 144(r2 + Qrl)a? - 
where the frames on Mg are given by 

Fi = cosh(5i)Ei + sinh(5i)E2, 

F2 = cosh(5i)E2 + sinh(5i)Ei, (22) 
and the complex frames Ei are those of the Ricci flat metric on the resolved conifold 



r 

El = —{ai + ia2 



2 



E2 = (ro2 + ^)^/2(Si+^S2), (23) 
o 

Es = K-'^^dr + t'^ia-. + J:^). 



^we have chosen the radial co-ordinate b{r) — to agree with the conventional radial co-ordinate on 
the resolved conifold. 
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The functions are given by 



+ 6rQ 



sinh 2Bi 



,252 



^144a2(r2 + 6r2) - 
^144a2(r2 + 6r2) - 



An obvious solution to (19) is given by 

BS/GPP: a = b, 



where in fact the symmetry group (17) is enlarged to 



SU{2)i X SU{2)2 X SU{2) 



D 



(24) 



(25) 



(26) 



and this is the solution originally found in |12 

RC : lim a = 



to (19) which is 



There is then another explicit solution 

(27) 



„2 ^2 
b 



u^oo f/ 6 ' " 6 
This limit must be taken carefully, the asymptotic value of the dilaton is constant and the 
radius of the S"^ is large 



U 



» 0, ro >> 0, 



constant. 



(28) 





BS/GPP 



1f,= m 



u 



(J? 



,0 



CX3 

RC 



Figure 2: The proposed parameter space of the resolved conifold in IIA. The bottom line 
(/3 = 0) corresponds to the solutions found in [22] and /3 7^ is the subject of the current 
work. 



We notice a striking analogy between these solutions and the IIB solutions presented in 
the previous section. Here the symplectic form and flux (J, -F2) which are invariant along 
the family while (f2, (p) vary, where previous it was (f2, F3) which were invariant while (J, ip) 
varied. One can also see the invariance of the symplectic form J from the fact that it is the 
dimensional reduction of (18) along the vector field dual generated by — gives 



J 



^(p + 6)^1 A (T2 + ^(g - 6)Si A S2 + hj'dr A ((T3 + S3) 
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and this does not depend on a(r) only on 6(r). Choosing 6(r) = and {p,q) = rQ(l,0) 
gives J = Jrc- This family of supergravity solutions in IIA displays all the features of the 
geometric transition as a smooth process in flux backgrounds which were emphasized in the 
IIB case in [T9]. This is somewhat at odds with the view presented in |2T] where it was 
proposed that the transition is a discrete process obtained as the reduction of the BS/GPP 
solution on two different U{1) fibers. 

It is natural to wonder if there exists another parameter in these IIA solutions which 
would be mirror to /3 in the IIB solutions and the remainder of this paper is devoted to this 
question. Since the IIB /3 parameter in Table[T]was shown to be generated by a certain duality 
transformation in |T^ it would be nice if one could use a different duality transformation in 
this IIA setting. One way to attempt this is to T-dualize four times in space-time to turn 
the D6 branes into Euclidean D2 branes then lift to M-theory and use a diffeomorphism on 
a T^. The essential problem with this is that any rotation of a requires both circles to be 
finite in the UV, which is not the case. As such, probably the correct duality transformation 
requires mirror symmetry, which as discussed above is hard to perform explicitly, so here we 
will just use the supergravity ansatz method. 



4 IIA on the Resolved Conifold with General Fluxes 

Motivated by the previous discussion we now search for solutions of massive IIA supergravity 
with a four dimensional Minkowski component and SU{2)i^i x SU (2) 2 x symmetry 
on the internal space. All the main calculations have been relegated to the appendix, we 
summarize our findings in this section. 

When solutions of IIA with flux are lifted to d = 11 supergravity, many aspects of the 
backgrounds simplify considerably. For instance, the solutions found by Brandhuber which 
we reviewed in section [3j involve a single nontrivial function whereas the ansatz with the 
same symmetries in IIA involves seven functions and are somewhat more complicated to 
obtain. Given this our strategy will be the following: we will search for the most general 



solution of M-theory with our symmetries (17) and allow for nontrivial G'-^-' flux. Then we 



will look for solutions of massive IIA supergravity with the same symmetries however we will 
find fairly quickly that the mass parameter is forced to vanish. As such we conclude that the 
solutions we found in M-theory are the most general possible solutions. 



4.1 Supersymmetry in M-theory and IIA 

In type II supergravity reduced to four dimensions preserving M = 1 supersymmetry, the 
most general possibility for the supersymmetry parameters is an SU{2) structure. It is 
instructive to think of the SU{2) as being the intersection of two S'f/(3)'s, one for the left 
movers (on the string worldsheet) and one for the right movers and these are often referred to 
as SU (3) X SU{3) structures. If these two SU{3) structures are aligned at some subvariety of 
the internal space, then the SU (2) structure becomes an SU{3) structure at there. Such cases 
are called dynamic SU{2) structures and in terms of generalized complex geometry jUJ US] 
there is type change. If the two SU (3) structure are never parallel, then the SU (2) structure 
is called static. If the two SU (3) structures are parallel everywhere, then such backgrounds 
are simply called SU (3) structures. 

There is a distinct asymmetry between SU{3) structures in IIA and IIB. Whereas in IIB, 
SU{3) structures allow for non-trivial Ramond fluxes of all degrees (^1,^3,^5) as well as 
{(f, H3), the allowed fluxes for SU{3) structure solutions of IIA with Mi^a component are very 
limited. One possibility is for an NS solution of the form [TTl [18] and the other possibility is 
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to have non-trivial profiles for only {g, ip, F2). The former case lifts to M-theory as a solution 
with G^^^ while the second case lifts to a solution of M-theory on a seven manifold with G2 
holonomy and G^^^ — 0. Allowing for Fq 7^ in IIA SU (3) structure solutions generates a 
four dimensional cosmological constant and it seems unlikely that mirror symmetry exchanges 
Minkowski vacua with AdS vacua. 

However, it is not entirely clear that mirror symmetry with flux (if it exists) maps one 
SU (3) structure solution to another SU (3) structure solution. For instance it would be quite 
reasonable to expect an SU{3) structure solution to be mapped to a static SU{2) structure 
solution although it would be quite surprising if a solution with type change was mapped to 
a solution without type change. It is likely that restoration of a symmetry between solutions 
of string theory in IIA and IIB requires an understanding of non-geometric backgrounds, 
while these are interesting issues we cannot resolve them here. We will merely examine the 
example of supergravity solutions with co-homogeneity one symmetry groups. 



4.2 The Ansatz and Solution 

Our metric ansatz is in d = 11 supergravity is 

dsl^ = e'^^dsl^ + ds'^r (29) 
with the frames on the internal seven manifold given by 



ei 


= ^2(^1- 


A4(7i), 


62 




63 


= A2(E2 - 




64 


= ^10-2, 


65 




^7(73), 


66 


= Ao-3, 




67 = 


= A-idr. 







We will find the four form fiux G^^^ algebraically in terms of metric data so there is no need 
to make an ansatz for it. We find that solving the supersymmetry equations gives all the 
metric functions to be 



e 



6A _ 4r6(r2(l-(^2/4)+g^2 



(4r6(r2(l - gll^) + 6rg) - 144c2) 
A\ = 4(r^(l-,3V4) + 6ro^)) 2732,6^3 

(r2(l-^3V4)+6r2)' ' 

9„3A a2 

A, = -^^(r^ + 8ro^)V3 



2,, 2/,^ , a 2,,(4r^(^'(l-^3V4) + 6r2)-144c2)(-^3 + r5^) 



^4 



2 



Al 



1 - r(log ^3)72 

r2 1 



6 e'-^Al 

where the function g-^, is defined to be 

_ ^2^6 

''-MA. 
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and (c, tq) are integration constants. We redefine to be 

ba 

then a(r) satisfies the non-hnear equation 

= 9a' ( - 16c^ - + lQr^a{{18rl + 5r^)a - r (Grp + r^)a')) 

+r(l44c2 + r*^ - 144r2(6r^ + r^)a^)a". (30) 



The function a(r) agrees with the function a(r) in ( |19| if ones defines the function b{r) to be 
b{r) = 

These solutions are in general singular when 

= r^(r^(l - c/2/4) + 6^2^) _3g^2 (^^^^ 

and this appears to be a particularly bad type of singularity where the warp factors diverges 
and the two internal S^'s shrink to zero size. When c = 0, the whole family of solutions 
reduce to the regular solutions discussed in section [s] and ro is the radius of the finite S'^ (in 
IIA) at r = 0. 

4.3 The SU{2f Invariant Solution 

One solution to ( [30| ) is 

a(r) = rVe. (32) 

In this case we have 

Ae = A,, A, = A2 (33) 
Aj = Ai, 5(3 = 1. 

and the U{1)r^d is enhanced to SU{2)r,d- This solution reduces to the BS/GP solution when 
c = 0. ' 
We find that 

^6 ^ 9(r^ + 8rg)^ /r^ 4c^ x 

^ 16r4 V36 3r2(r2 + 8r2)y ^ ^ 

' + Sri) I36 ~ 3r2(r2 4 
- ^(^-...J^)" (36) 



Al = ^7::^^^(^^-^::^7i^^) (35) 



^4 ,^4 ^^2 ^ _i 

36 V36 ~ 3r2(r2 + 8ro;. 
so this solution is singular when 

c^ = ^(r' + 8ro^). (37) 

The corrections when c 7^ are very subleading in the UV r — )■ 00 limit. More generally the 
UV behavior is more complicated since then is a function of c. 
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5 Conclusions: The Missing Mirrors 



So while we have found a one dimensional family of solutions which extends those found 
in [22], they appear to be badly singular. It is not inconceivable that these singularities 
are somehow repaired in string theory however since we have considered the most general 
supergravity ansatz, it must be some stringy (as opposed to supergravity) effects which 
resolve them. This is unlike the singularity of p3j which is repaired within supergravity 

Having explored the most general supergravity ansatz for a putative mirror to the IIB 
solutions of [15] we must confront the fact that the mirror may be missing, much like the 
third T-dual of with worldvolume flux is missing geometrically [H3] HHl SZ]- In a 
sense this may not be such a surprise since as discussed at the above, there is a distinct 
asymmetry between S'[/(3) structures in IIA and IIB supergravity. It was realized in [17] that 
to formulate a low energy description of string compactifications which is duality symmetric 
appears to require additional structures which do not admit a geometric interpretation. A 
more sophisticated version of the same ideas appeared in [27] . However what we have found 
here is somewhat more bizarre since it is not magnetic flux which is proving to be problematic. 
In section [3] we proposed a mirror to the magnetic F3 flux, namely the magnetic F2 flux, it 
is the additional non-topological and F5 flux which appears to be problematic in terms 
of finding the mirror dual. 

We consider this calculation as shining a light on a more general sort of non-geometricity 
than that seen in earlier works which largely deal with tori and monodromy around non- 
contractible 1-cycles. It would be extremely interesting if some sort of explicit solution 
for these mirrors could be found which involves some of the ideas of non-geometric string 
backgrounds advocated in [IHl HQ] where a certain bi- vector coupling on the string worldsheet 
was used. One strategy might be to extend the nice four dimensional theory of [50] to 
include non-geometric fluxes and then attempt to solve explicitly for some sort of ansatz 
which employs the same symmetries we have applied in this work. 

Acknowledgements: I would like to thank losif Bena, Nikolay Bobev, Jerome Gauntlett, 
Mariana Grana, Igor Klebanov, Juan Maldacena, Michela Petrini and Alessandro Tomasiello 
for discussions. This work was supported in part by the DSM CEA-Saclay, by the ANR 
grants BLAN 06-3-137168 and JCJC ERCS07-12 and by the Marie Curie IRQ 046430. 

A Conventions 

We will use the following conventions for the 5'f/(2)2,-invariant one forms 



It is very common to use and however since we use Cj for frames and for spinors, we 
have chosen to use these conventions for the invariant one forms. We will denote the two sets 
of Euler angles as (6*, 0, ip) for the and (6*, 0, ip) for the Sj. 




(38) 
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B G2 X G2 Structure solutions in = 11 Supergravity 



B.l The Gravitino Variation 

The gravitino variation of eleven dimensional supergravity is 

5^ A = V^e + ^ - 85^7'=^^^) e. (39) 

where the hatted objects here denoted eleven dimensional objects. The most general spinor 
ansatz which preserves A/" = 1 supersymmetry in four dimensions is 

e = C+ ® ^+ + C- ® 0- (40) 

Here we have that C+ = C* is a four dimensional Weyl spinor of positive chirality and 

9+ = ei + ie2 (41) 

is a complex seven dimensional spinor. In general this spinor ansatz appears to have too 
many degrees of freedom however ei and €2 will not be independent. 
The metric and four form ansatz is 

dsli = e^^ds\ 3 + ds\ 

where {i,j,k,l) are co-ordinate indices on the internal space. Allowing for flux proportional 
to the volume form on the four dimensional component of space allows for a cosmological 
constant, we will not consider that possibility here. 

With this ansatz, the eleven dimensional gravitino variation (39) reduces to an external 
(algebraic) and internal (differential) component: 

= (±^(5cA)7^ + ^Gil7''^^^)^±, (42) 
Va^± = T^(Gil7'^'^^,- 8^117'''=') ^± (43) 

where now the unhatted gamma matrices are seven dimensional ones and the indices (a, b, c, d) 
are internal frame indices. 

B.1.1 The Differential Forms 



The by now standard procedure [51], is to use the spinor equations (42) and (43) to pass to 
a set of equations for the differential forms constructed as spinor bi-linears. The alternative 
approach to finding supersymmetric backgrounds is to make an ansatz for the spinor in 
addition to the bosonic fields and solve (39) directljj^ 



The advantage of constructing the differential forms and computing the differential equa- 
tions they satisfy is that with this finite amount of work (which can then be universally 
applied to all ansatze) one alleviates the need to solve for the spinor fields, thus reducing 
the overall number of functions in the ansatz. In addition, it seems promising that formal 
properties of supergravity backgrounds can be better understood by studying the differential 



^Such an approach is most definitely equivalent in content but perhaps more computationally intensive, 
a small representative set of examples with non-trivial projectors on the spinors might be |52| , I53 [ [54 ] . 
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forms [TTl ESI EZl ESI EZl- The equations we adopt here could be hfted from the nice paper 
[58] where in fact the more general situation with a four dimensional cosmological constant 
was considerecQ 

So we consider the following collection of differential forms 



■^ai...am 



6'+7ai...a™^+, 



(44) 
(45) 



and relate the two spinors by 

£2 = A7i2ei (46) 

with A an arbitrary function. The limit A — will coincide with {G^^^ — i- 0,A — i- 0} and 
thus such a seven dimensional metric admits a connection with G2 holonomy. 

In terms of the frames of the seven dimensional metric {cj}, i = 1, . . . , 7 we define certain 
fundamental forms 

V = 67 

J = ei A 62 + 63 A 64 + 65 A 66 
^ = + 

= (61 + ^62) A (63 + ^64) A (65 + iea) 



and express (44) and (45) in terms of them 



5(3) 



(i+A^)kir, 

- S2 J, 
-EJ AV, 
\/e? - E?^+ + - SJ A V 



The following differential equations are computed by first evaluating the exterior derivative 
of a given S*-*^ or S^-'-' using the differential part of the spinor variation (43 ) and then using the 



algebraic part (42) to replace certain flux terms. For this laborious calculation this author 



recommends consulting the nice summary of formulas in [H] and the computer package [62] . 
The result is 



ci(^6^^Hj =0, 

d(6^H« 
6-3^rf(63^H(2) 
6-5^rf(6^^H(3) 
6-2^^(6^^2(3) 
6-^rf(6^H(^) 







4e-= 


zS(*G) 
-iH(i) A (*G) 
-EG 
GAH« 



(47) 
(48) 
(49) 
(50) 
(51) 
(52) 



^The supersymmetry conditions for the reduction of M-theory on a seven manifold with background flux 
was also considered in [59l [601 El] ■ These papers consider a spinor ansatz which is not sufficiently general 
for our purposes since there |ei| = |e2| while here we allow for the limit £2 — >■ since this corresponds to 
G^'*-' — >■ and the restoration of G2 holonomy. 
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In terms of the fundamental forms this gives 



d[ e 



0, 



0, 



VS2 -22^ A (*G), 
0, 

\/h2 - s2 g a 



(53) 
(54) 
(55) 
(56) 
(57) 
(58) 
(59) 



This system is most certainly overcomplete. 

It is important to obseve that the limit A — reduces to the more familiar case (16). 
In this limit S, S — )■ 1 which implies that A is constant. In addition E!*^^'',S*^2) q g^y^d 

5(3) _^ _6(3) _^ ^ 



B.2 Ansatz For the Metric 



Since the four form flux G^^^ is given algebraically by (57), we only need to make an ansatz 
for the metric. We will take: 



ei 


= A2 




^40-1), 


62 


= Aiai 


es 


= A2 




^0-2), 


64 


= Aia2 


es 


= 




^70-3), 


ee 


= Aeas 






67 = 


= A^dr. 







This in general breaks the Z2 which exchanges Sj ^ (jj and preserves U{l)fi^£) C SU{2)r^£). 
So now with these frames the spinor bilinears are 



J 



ei A 62 + 63 A 64 + 64 A 66 

-AlA2(ai A Si + ^2 A S2) - ^5^6(73 A S3, 

(2A1A2A4A6 + AlA^A-r - AlAlA^AT)ai2z 

+yl^A5Si23 

+ - A1A2AQ + A2A4A5A7) ((T23S1 + (T31S2) 

+ (-^2^5 + A2A2A5)fTl2S3 
-v4^v44A5(criS23 + O-2S31) 
-/l2A5A7(T3Si2, 



( - AlAfi + A^A^Ae + 2AiA2AiA^AT)ai2^ 

-(2AiA2A4A5)ai2S3 

-(^^^4^6 + AiA2A5A7)((T23Si + (T31S2) 
+/l2A6a3Si2 

+Aiv42v45(criS23 + CX2S31). 
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B.3 Solving 

Without loss of generality we can take 



-2A 



- S2 



,-6A 



B.3.1 

So we start with 



(58) : 



die^^^i/^ -JAV 



(e3^( - AjAe + AjAlA^ + 2AiA2AiA5Ar))' dr A ^123 



,3A/ 



+ 
+ 
+ 
+ 
+ 
+ 

First, we get the algebraic constraints 

A,A,{1-Ar) 
=^ Aj 

and Aa , , 

2A,A, 

This means we have solved for {A4, Aj} in terms of the other functions. When we use these 
algebraic relations above, we get just two equations 

(e^^^A^Ae)' = -A,A,A, 



e^^ ( - AIA^Aq - AiA2ArA7 + ^1^2^)] (^23^23 + ^13^13) 

- {6^^{AlAiA(i + A1A2A5A7))' - AiA2A:^dr A ((T23S1 + (T31S2) 

- (6=^^2711 A2A4A5)' - A^A^A^yr A (T12S3 
(e=^^AiA2A5)' + A^A^A^dr A (^1^23 + ^2X13) 

{e'^-AlA^)' + A3A5A6) c/r A ^3^12 (60) 



2^1^4745 
A2A4A6 

^2^ 



1-2^2 



log (e^^A^Ae) 

(e^^AiA2A5)' 
log {e'^'A^A^A^) 



— e 



: -A1A2A3 

_ 3A^ 

Looking ahead to the sorts of combinations of functions we write: 



(61) 



(62) 



\og{e'^AlA,)) = (log(e^^AA2A5))'+(log(^))' 



-3A ^3^5 

Al 



-3A 



-3A 



^3^ ^ 
Al ^ A, 



e -^^3^5 



Al Al 



(63) 



(64) 
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Now we also need 



P 



.3A 



(65) 



where p is a constant. 



B.3.2 d{Re 



The flux is given algebraically by the equation 



(|57|): e-2^rf(^e2^VS2-S2^^ 



With the previous algebraic results, we have 



^+ = (a\a^ + 



+ ^ (7123 



+ ( -^2^5 + 



^2^6 



0-3 S 



12 



AlA, 



2Ai 



(0-21131 + aiE23) 



and so the flux is given by 



G 



(4) 



,6A 



i[aIa,+ 



A2A-2 4442 4*3/14 

^2^6 _ ^2^6 _|_ ^2^6 \ 

2A5 sAfAfy 



rfr A (7123 



^e6A - lA^As ) dr A S123 



1( -A^A5 + 



- AlA, + ^^))'dr A ai2S3 
c/ra3Si2 



,6A 



" 2Ai 



dr A ((T2S31 + (T1S23) 



, / 4442 4442 ^ 



12 



ATT / . . , AlAa ^9^6\ / \ / N 
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B.3.3 



Now we seperately calculate the Hodge dual of the four form flux so that we can equate (|55|) 

ual 

6 A J) 



with (66). This will give the last of the equations. 

' ' „-4At/„4A.A 



(55) 



-*G 



G 



(4) 



* e 



(4) 



,-6A 



J). 



(67) 



We have 



so that 



J = -AiA2{aiTji + a2S2) - A^A^asTj?, 



RHS (67) 



+e-^^{e^'^Vl-e-^^A,Ae)'dr A ^3X3 



+ A/l-e-6AAiA2rf(aiSi + ^2X2) 
+ ^l_e-6A^5A6rf(a3S3)) 

Doing the Hodge dualizing we find 



*dr A (cTi A Si + 0-2 A S2) 
*(ir A cr3 A S3 
and the more complicated ones are 
* (i((TiSi + cr2S2) = 



A3 

AlAl 



A^A^Aq 



0-13^13 4- 

C12S12 



0"23S 



23 



A2A3A2 ^ 713^3^2 



^5^3^^ AIA3AI AIA3AI 

2A\Al %AlAl IQA\AI 



dra 



123 



-(irS 



^^^3^i 

AIA3AI AlA^Ai 



123 



+ 



2^3^ 



2AIAI 8AIA 



drai2T,3 



AsAe AIA3A, ^AjA^Al _ AIA3AI AIA3AI 



AA\Al AA\Al SAlAl 
dra 31:12 



dr{a23^i + 0-31S2 



(^IM^ MA3^_A!^A3A^ 
\ AlAl 2A\Al ^A\A\ 
(AlA^A^ ^2^3^h , . 
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A\A^A, , A\A^A, 



AlA, 



1A. 



1A\A, 



+ 



A\A^Al ^A%A:,Al 'iA%A:,Al 



+ 



1A\AI \<^A\Al 32AfA5 



+ 



AlA^A. 3/l^A,A 



A\A, 
I , A\A^A, ^ 



+ 



2^3^6 

\A\A^ 



drTj 



123 



AlA^A^ A\A^A^ 



+ 



^A\A^ 
'iA%A^Al 



AIAq 2AjA5 AA\A^ IQA\AI 



^^2^3 



AU. 



2^3 



^AlA^Al 



V 2Ai 2Al AAlAl 



+ 



SA\Al lQA\Ai 



0"3lS2) 



+ 



AlA'.A^ AlA^A, 



12^3^5 

A\A^ 



+ 



2^3^6 

A\A^ 



^A\A^A^ 



+ 



^2^3 ^i^3 

2Ai 2^3 



(ir(criS23 + 0-2X31 



12 



(66). 



Putting this all together with (67) we get another expression for G*^'^) which we equate with 



B.4 Summary Of Equations 



Here we will summarize all the equations from (61), (64), (65) and from equating (67) with 



(66): 



V 



log [e'^AlA 

log (e=^^AiA2A5) 

\og{^Je^^-\A\A^^ 
log(v/e6A_lA?A5))' 
(e^^Vl-e-6AAiA2)' 



e3-(-A?Ae + A^Ae(l-j||)) 



-3A4 4 

-3A-43^ 
,-3A^ 

.e [ _ _ ^2^3^6 ^ SA^AsA^ 



-3A/^ ^3^5 



A'^A'^ 



4AIAI 



B.5 Solving the Equations 

First we redefine thefive modes {Ai, A2, A^, Aq, A) in terms of (/i, /2, 91,92, 93)'- 



h = e'^'AlA,, h = Ve^A - lAjA,, 

A2AG 



91 



3 



92 



93 



A A 



(68) 
(69) 
(70) 
(71) 
(72) 
(73) 
(74) 



1^5 



In fact 93 = A4 which we eliminated earlier. 
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To solve the equations, we first use the infinite wisdom of hindsight to choose a radial 
co-ordinate such that 



A. 



42 9 



this allows us to integrate ( 70 ) and ( 73 ) and we find 

/i 

/2 



C2 



Then we use (68) to solve algebraically for gi (with p = 8r^): 



and we are left with 



(69) 



(72) : 



We can work out that 



1 

9i 

log 93 
log(/2^i) 

91 

f29l 
92 



92 



291 



4^2 



-9li92-S/2) 



4(r2 _l_ grp/ci) — r'^gl 

4C2 

1 (log c/3)' 



The other equations are now satisfied as well 
At this point our solution is 



\/e6^ - IAIA5 



Cir 

C2 



3 



93 

A, 
Aj 



4^2 



4(r2 _l_ ^r'^jci) — r'^g'^ 
^_ (log^ 
r 

^2^ 



1 

^93 



1 - 2^3^- 



(75) 



(76) 

(77) 
(78) 



(79) 



^0) 



We can then eliminate ci by rescaling the radial co-ordinate r and we will define c = C1C2. 



C Solutions of Massive IIA 



Here we will make an ansatz for massive IIA supergravity with the symmetries (17) and 
proceed to solve up to the point where we find that the mass term must vanish. There is no 
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need to proceed further since we have aheady solved the most general solution with these 
symmetries in c? = 11 supergravity. 

We will use the supersymmetry conditions of massive IIA as written down in [56], the 
advantage of using differential forms rather than the fermionic variations is essentially that 
a lot of work with the Clifford algebra has algebra has already been performed. The most 
general spinor ansatz for reducing type II supergrvaity to four dimensions (preserving four 
supercharges) involves two S0{6) spinors of positive chirality 

V+, X+ = z-r]- (81) 
where z = Zmdx"^ is a one form. The 5*0 (1, 9) spinors are decomposed as 

e+ = C+^vl + c.c 
e?_ = (+^1]- + c-c 

It was shown in [BS] that the most general spinor ansatz can be written as 



12) 



One can then construct the spinor bilinears as particular sums of even and odd differential 
forms 

$+ = Tj^® rff 

= ^ {axe^'^ + hye'^ - i{ayuj + xbcj)^ A e"^/^ (83) 
$_ = T]l® rf^ 

= ^ {i{hyuj - axu) + (foxe*-' - aye"*-') j A z. (84) 

The string frame supersymmetry conditions can be written in a compact form but of course 
this must be expanded into components where it will be as cumbersome as usual: 

e-^^^^dH{e^^-^<^+) = (85) 

e-^^^^dHie^^-^<^-) = dAA^. + ^e^+^XUF). (86) 

16 

where dn = d — HA and in IIA we have 

F = Fq -\- F2 -\- F4 -\- Fq 
A(*F) = - * Fo + *F2 - *Fi + *F6. 

Key to checking the various conventions in the literature regarding F and d^ is the Bianchi 
identity 

dHF = Q dFn = HAFn-2. 



C.l Massive IIA and SU{3) Structures 



The spinors (82) define the most general SU{2) structure but it is worth considering a few 
sub-cases. When = in (82) we have the most general SU{3) structure and here it is easy 
to see that there are no Minkowski solutions with Fq 7^ 0. 
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In this case the spinor bihnears are given by 



id 

$+ = —e"^ (87) 



$_ = ^l. (88) 



The one form part of ( 85 ) gives 



die^'e"^'^) = (89) 
from which we discover that 6' is a constant and 

3A = if. (90) 

The three form part of the same equation gives 

dj = 0, H = 0. (91) 



Then from (86) we see that H = ^ Fq = 0. It would be interesting to have a general 
argument that SU{2) structure backgrounds with and four dimensional Minkowski factor 
must have Fq = but we have not found such an argument. Nonethless, below we find that 
this is true for the particular backgrounds we study here. 

C.2 The Ansatz 

Our ansatz for the metric is 

ds^Q = 6 ds^ -\- dsj^^ 
where the frames on Mq are given by 



El 


= 4/'A(ei + A2ei) 


E2 


= C20^^i(e2 - ^2e2) 


E3 


= C2i^^3(ei + ^461) 


E, 


= cj0^^3(e2 - ^462) 


E, 


= A^^dr 


Ee 


= (r/3)v45(e3 + e3). 



By our choice of frames for and Eq we have defined our radial co-ordinate to co-incide 
with that of the conventional choice for the Ricci flat metric on the conifold. Then the fluxes 
(which automically satisfy their Bianchi identities) are given by 

Fq = m 

F2 = A^ei Ae2 + rf(/i(e3 + e3)) +m5 

E4 = rf((/2ei A 62 + M A €2 + hiei A ei + 62, €2) + Uiei A £2 - 62 A ei)) A (63 + €3)) 
+B A F2 - mB A B. 

The dilaton e'^ is arbitrary and we will hold off from making an ansatz for the H3 flux since 
we will immediately see that it is given algebraically in terms of the metric. Note that F4 has 
no components along the worldvolume of Minkowski space since such a fleld strength would 
automatically give rise to a non-zero cosmological constant. 
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C.3 The Equations 

The $+ equations are fairly straightforward. From the one form we get 

d{e^^-''c2^) = 



g3A 
C2,f> 



The three form gives 
where 

and 



J 



dJ = 

J i - 

-- — + -ZZ 
C24> 2 



(92) 

(93) 
(94) 

(95) 



The constraints from (93) determine the symplectic form J to be in fact invariant 



A, 



AIM 



^3 = \/qaIa 

r(-a2-r2 + 6^2)1/2 



and thus 



J 



A 



V6 Va2 + rMi 



2 

ei A 62 + — ei A 62 + -rdr A (63 + 63). 
o 3 



(96) 



(97) 



C.4 The Equations 

This equation for $_ breaks into real and imaginary parts 

6^-^rfH(e^~^Re $_) = 0, 



-A(*F). 



(98) 
(99) 



C.4.1 Re $_ 

The equation for Re $_ is fairly straightforward, the two form component determines the 
phase of z, so that 

Im z ~ dr. (100) 
The four form component is gives one non-trivial equation 



(^6-VVa2 + r2A5)' 



'ie-^r^a^ + r2 cosh(25i) 

C2</,^5 



(101) 
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C.4.2 Im 

Since the equations Im $_ depend on the Ramond flux, they are signiflcantly more comph- 
cated than the others. From the two form part we find several relations, firstly we find some 
constraints on the F4 flux: 

/4 = 0, /5 = 0. (102) 
Then we have several equations on the remaining functions 

/ 2^ 2n fi ■ \ f' 2rM5sinh(25i)t20 

(o +r )s2<^/i + 6smh(25i)/2 = (103) 

e-^^(e\A,t,^) = _^^(:^±^ + 6(iVr2-aVi)sinh(2i?i)^ + mri^^ 

Prom the four form we get three independent equations 

_ 2a^e-^^A5sinh(2E0 

- 3(a2 + r2)c2, ^''^^ 



me^^r^ cosh^(2Si; 



^2 + e^r A tan(20)^3 = = — - + me^^r^ sin(2(/)) sinh(2Si) 



6e^Vi(r^-a^sinh^(2i3i)) 

+ ^^T7^ ^^^^^ 

9,„ , , 3e^r^ cos(20) a^As cosh(2i?i ) 1 04 , , , 

cos^(20)^5^; + y4^^ = + ' ^ 2^ - o g cosh(2^i)mr^ 

e^^ cos(20)6(iVr^ - aVi) sinh(4Ei) 

2(a2 + r2) ^ ^ 

where 

^2 = eVA5Cos(20)sinh(25i) 
c/3 = r2sin(20)sinh(25i) 

5(5 = r^cosh(25i). 
Prom the six form, we obviously just get one equation and it is 



{ e\A, cot(20)V = -e^^mr cot2(20) + 6e^co«M2^i) ^^q^^ 



S24>A^ 



C.5 Equation Analysis 

One finds from analyzing these equations that 

h — 



2(a2 + r2)' 
3e^ANr cos(20) 



2(a2 + r2)sinh(25i)' 

With some amount of work we used the remaining equations to find two different 
expressions for B[ which can only be equal if m = 0. At this point it is not worthwhile to 
continue since any solutions found would be already in our analysis from d — 11 
supergravity. 
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